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We attempt to measure the amount of work inJ1erent in the task 
of computing a given computable (recursive) function. A notion of 
degree of difficulty of computing a function is introduced and 
studied. The notion is invariant in the sense that it is independent 
of the idealized computers (Turing Machines) used for computing the 
functions in question. Applications are made to the classification 
of solvable decision problems (recursive sets) according to relative 
difficulty. 



Michael O. Rabin 

IHT?.ODUCTION 

The operation called "middle-squaring" is sometimes used for 

the generation of random digits. Let p be an integer having k 

digits in decimal notation, m(p) is defined to be the 

integer forming the middle section of p 2 (which is a 

k digit _ 
~cr-, .. z/~ 

2k - digit\) ; ? 

in case the middle section of p 2 starts with the digit O, m(p) 

is the k digit integer obtained from the middle section by changing 

Let m-1 (n) the first digit into a 1. be the smallest integer p 

p exists. The only known for which m(p)=n and O if no such 

method for computing m- 1 (n), where n is a k digit integer 1 is to 

m( 1 ok- 1 ), , calculate one by one all the 9.1ok- 1 values 

m(10k- 1+1), ... 7m(10k-1), and thereby find the smallest 

exists) for which m(p)=n. If we compare the function 

p 

-1 m 

(if it 

with the 

function d(n)=2n we thus feel that -I 
m is considerably more diffi-

cult to compute than d. 

The question at once arises how could one assign a precise meaning 

to the notion "f is more difficult to compute than g"? This question 

breaks naturally into two parts. First, for a given function f and a 

given computation of a functic ... value f (n), we want to express, pref er-



2 

ably· by means of a nurn ber j the amou..n t of diff icu.l ty in---vdl ved :ir1 Ghat" 

co:rr:.putation, The co::n:putation of the value y=f(n) may be considered 

as a proof, in so~e formal systeB, of the forn.u.la f(n)=y; thus what 

is needed is a neasure ~ uroofso One could, for example, take the 

length of a proof as a measure oi' its d'ifficulty" Generally, however, 

th~ rG:::s.sure on proofs one vwu.ld want to use would depend or.. the methods 

or· cow:;:-:0...:.ters he has for constructing proofs. It is conceivable that 

the difficulty involved in the construction of a proof by a ce:_,:,tain 

- ccnp"'t;,ter ( expressed, say 1 by the time req_uired by ·che compute:- for 

the construction) depends not on the length of tha-c proof but on some 

other si 6--nificant feature of the proof o We therefore introduce, in 

Section 1, the notion of a measure on proofs axiomaticallly and do not 

use any specific measure in the subsequent developmento The results 

therefore apply to any measure or. proofs satisfying the axiomso Still, 

a careful study of measures on proofs would be of great interest on 

its o~n rights and also of importance for the theory of computers and 

automatao 

Having agreed upon some measure on proofs, how should the notion 

is mor,e difficult to comp·:.lte than g" (g-<f) be defined? Tha 

:r~otion must clearly depend on the overal-1 behaviour of the functions. 

'I:On1s g ..<. f' if in general it is more difficult to compu'te f (n) 

than to compute g(n). 
1 

Returning to the example of d a:r.:.d m- • \"r-

realize that saying that d-< m- 1 because of the fac-:t that with a 

certain particular method for computing 
~ 

-1 m it is harder to compute 

m-· than to compute d, is not justifiedo It is possible (though 
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ir2:probable) that there exists some algori tlm for computing m- 1 (n) which 

is 9 in general 1 simpler than the co;:1.:putation of d(n)=2no To get an 

2.c.eq_uate invarian~c definition for g-<'. f we must therefore consider all 

possible algorithms for computing f. The definition of g-<.. f as well 

as the main theorems concerning this relation are contained in Section 2o 

The 1:i.ost general notion of an algorithm existing in the literature is 

tha~ arising from Post Systems [ 3 i 1 52-169 ] . A Post system L consists 

of a finite set of sy,-...1bols a 1 , ... )an, called the alphabet of L; a finite 

set of words A
1

, .••. , A on this alpha "'oet, called the axioms of L, and a 
m 

finite set of production rules of the form 

the P .. 
J.J 

are variable words and 

where the o. . and -t, 
1
. are fixed words, 

l.J 

are a subset of the words 

The notions of a proof of L and theorem of L are now defined in the 

usual wayo All our results will be stated in terns of Post systems but 

they remain true for any other notion of algorithm.-

By the decision problem of a set S of integers we mean the problem 

of deciding for each integer i whether i€ S. This terminology conforms to 
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that of Post 0 s article [ 2] bu~ differs from the terminology of 

Tarski [ 41 The decision problem of S is called solvaola if 

S is recursive. The notions and results of Section 2 now enable 

us to order solvable decision problems according to their relative 

degree of difficulty (Section 3). Stronger results are obtained for 

the case of primitive recursive sets. Whereas in Post 0 s ordering by 

rr:eans of recm"'si ve reducibility all recursive sets are lumped into one 

class, a whole spectrum of classes of recursive, and even primitive 

recursive, sets is obtained under the orderir..g defined here. Further 

research will be needed for determining the exact form of the partially 

ordered system obtained by our ordering relation. 

In Section 4 the results about ordering of solvable decision 

problems according to degree of difficulty are applied to proving that 

certain Post systems are und~cidable. 

1. MEASURES ON PROOFS AND LENGTH 

OF,COMPUTATION FUNCTION" 

D2finition 1. A function m(L,P) • defined for pairs L,Ps where L 

'.LS :.J., ;.Jost :JJstem and ? is a proof of L , and assuming integral values~ 

w:.11 be called a measure .2.£ proofs -if' the following conditions are 

sa:tisfied. (a) m is primitive recursive. (b) Given a system L 

and a number n there is only a finite number 

P of L such that m(L,P)~n. (c) The function v (L,n) is 



p:cimitiv2 recu..rsive. 

Strictly speaking -che function m depends not only en 

the proof P but also on the Post system L in which P is a 

proof. The same string P of words may be a proof with respect to 

two different systems L 1 and 1 2 and it is possible that 

m(L 1 ,P)/ m(L 29 P). Still, when there is no danger of confusion we 

shall dro,:p the reference to L and simply write m(P) a 

An immediate consequence of the above requirements is the following 

Lerr1m2,o If m is a measure then there exists an effective primi tiv_? . , ~ 

n recursive procedure whereby when given a system L and a n:::er n r,L,,j),~ 
/ 

it is possible to find all proofs (k=-\)(L,n)) of L for 

v1I"1ich 

g.ample 1. The length l(P) of a proof (iae. the number of words 

in the sequence P) is a measure on proofs. It is not hard to verify 

that condition (a)-(c) are satisfied by this functio~v 

~aking the length as a measure on proofs is motivated 

·• •. / the model of a procedure for constructing proofs in which the 

variou.s steps are taken in .linear order or,,e at a time. Bu.t we might· 

•.• oncei ~.,-~ of a procedure or a computer which can perform several opera­

tions simultaneously. A computer may posse~ facilities f'or drawing 

O!le step several immediate conseq_uences from a given set of v,ords o 

• :.:.c1:ucJ.l cases there will exist an a-priori bound to the number of 

• ,-·..:.-:; icns which a given computer may perform simultaneously o For each 
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bound N v:e could define a :rr:.ee.su.re mN" on proofs which is motivated 

by the model of computers capable of performing N operations 

sinultaneously. From our point of view it is, however, more interesting 

to model a measure on a more extreme assum.ptio~, namely that at each 

stage in the construction o:f a proof v·rn draw iE.:, ™ ste:Q all the 

necessary immediate consequences from the words already derived. This 

motivates the following definition. 

Let P= o 1 ' ••• ' 6 n be a proof of the system L. Define 

inductively 

= (Ji € A} 

( where A ·is the set of axioms of L), and in general 

3ic = (S. 
J. 

immediate consequence of words in Sk_ 1} 

The number d(L,P), to be called the depth of P, is now defined 

as the smallest d for which Sd=P. 

Again it is possible to prove -that d(L 9 P) is a measure on proofs . 
. 

Clearly ·a(L,P) ~ l(P) for all proofs P. The measure d is, in fact, 

a lower bound of all the previously mentioned measures mN; thus 

for all measures 

In order to fix notations we shall henceforth assume that all 

?ost syst~=s under consideration contain the stroke and equality 
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sign = in their alphabet. The word 11 ... I consis-cing of n+1 

strokes will be referred to as the nu.Eeral n and denoted by n. 

Definition 2. Let L be a Post system and Q a word on the 

alpha bet of L. The pair (Li W ) is said to compute. the f,mction 

f if for all integers n 9 m 

I- L w n=:m ~'--~ f ( n ) =m. 

We shall usually drop the reference tow and simply say that 

L computes f. A fu...~ction f is computable (recursive) if and 

only if there exists a system L computing it. 

The.computation of a function f by a given system (L,CJ) 

presents a certain amount of work which we would like to measure. This 

is achieved by the function introduced in the following 

Definition 3. Let (L, GJ) compute f and let ID be a measure on 

proofs. The length of computation function F1 (n) is defined by 

min 
P~C 

C = p proof of wn=m in L} 

For a given function f and system (L 1 W) computing it, the 

length of computation function obviously depends both on w and the 

neasure m used. In any given discussion, however, both wand ID are 

~ept fixed and we simply write F1 (n). 
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F!emark 2 o It is easy io v0rify that for a given system L which 

computes f 9 the function FT (n) 
.J..l 

is coputable. If f is pr:.mi ti ve 

recursive then there exists a system (L 1 Cv) computing f such that 

F1 (n) is pri:::::.tive recursive. Namely 9 let Ebe the system of 

defining equations for f constructed according to Kleenevs proof 

that every primitive recursive function-is general recursive 

[ 1, pp. 262-270 ] . Let L be a Post system obtained by a straight­

forward translation of the formal system consisti1:.g of E and Kleene is 

rules for deducing equations 9 into the framework of Post systems (we 

omit the simple details of this prpcess). For this L the function FL 

is primitive recursive. 

2. THE RELATION g -1... f AND ITS PROPERTIES. 

The task o: comparing the respective degrees of difficulty 

involved in computing two functions is rather delicate. Given two 

computable functions f and g we may chose Post systems L and 

M which cowpute the functions f and g respectively and compare 

the length of cmputation functions F7 (n) 
.LI 

and But this is 

not adequate because using other Post systems for computing f and 

g may change the outcome of this comparison. The natural way to get 

an invariant notion depending only on the functions is as follows. 

Definition 4. A computable function f is said to be more difficult 
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to compute than a computable function g (in symbolsg g < f) 

if there exists a system M computing· g such that for every L 

computing f there exists an integer n
0 

for which 

( 1 ) n
0 

< n --~ F u(n) <: FT (n). 
l\'.i J..J 

Re~ark 3. The introduction of n
0 

in the above definition is 

ur..avoidable. For it is always possible to "cheat" and for any 

given k define a system (L 9 w) computing f such that for all 

n ~ k the word evn=:TTn1 is included among the axioms of L. For 

any natural measure m on proofs (e.g. the measures of 1 and d 

of Examples 1-2) we would then have F1 (n)=1. Thus F (n) ..:::. FT (n) 
m .w 

' can not be expected to hold for all n; at best it can hold from a certain 

integer n
0 

and on. 

Theorem 1. For all computable functions f, ft f. 

The proof is immediate and will be omitted. 

TheoreB 2. If g.,i.,_ f and f -'.. h then 

Proof. For appropriate systems :M and N computing g and f 

respectively we have 

( 2) for n(L) ~ n, 

( 3) for n°(K)~n, 

where L and K are arbitrary systems computing f and h. Taking 

L=N we have 
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( 4 ) for max(n(H) ,n 1 (K) )~ n. 

g -<. f' then f -l< g. 

This follows at once from the previous two theorems. 

expressing the relative difficulty of computation 

,.a.s, 1n view of Theorems 1-2 and the Corollary 7 all the properties 

of a fartial ordering. It is not obvious from the start that this 

p&.,:::'-cial ordering is non-trivial 9 i.e. that there are at all functions 

.f" ai.7,d g which are comparable. The following two . theorems supply 

information on this point but actually accomplish much more. 

Th20.:-,em. 3. Let h be a computable function. There exists a computable 

fu.r-~ction f assuming only the values 0,1 and primitive recursive in h 

such that· for every_system L which computes f, h(n) < FL(n) for 

almost all integers n. 

The proof will proceed in two steps. First a weaker result 

'.'J.'..11 be established. From this result the desired result will then 

d.ircc-cly follow. 

Let (L,w) be a pair consisting of the Post system described in 

:,L ... Introduction and a word w on the alphabet of L. Define the 

W(L, w) of the pair by(l(G") denotes the length of the word u) 

W(L, G.J) == n + 1 ( W ) + E 1 ( A . ) + E 1 ( CS' . . ) -.- E 1 ( P, ) 
l :::.. J .ter ' 

We shall construct a function f assuming only the values 0,1 



2,:-::.J. primitive re cursive in h such that for every system (L,c..J) 

v1hi.ch computes f, h(n) L.. \7(1,W )-:-F7 (n) :for almost all no 
...I 

For each O < k let us enu.I;J.e1~a te all pairs (L 9 W) for which 

and order them effectively ~n a finite sequence 

t··· ,. ... ) \.'L .r -i ) This can be done by a primitive ,:..i.::j1 9 \,\Jk
9

1 9 ••q k
9

r(k) 9 v..,k,r(k) 0 
• 

=~ -.:-:.:::1:G:"si ve procedure which is uniform in k. The f-;_mction r(k) giving 

c.r..e number of pairs of weight k is primitive recursive. Now we arrang6 

,:c.,,.1..1. these pairs (Lk, j 9 Wk, j), where j < r(k) 1 into a single sc:q_uence 
' 

i=1,2, .. o 9 by ordering the pairs (k 9 j) of indices 

:.cxicographically. Clearly we obtain an effective$ in fact even 

p~imitive recursive 9 enumeration of all pairs (L,W), This enumeration 

zs..tisfies 

We now define by induction on n both the function f(n) and an 

atuciliary sequence of finite sets I
0 

j) I 1 9 •• ,, 9 In 9 ,, ••. • 

:Define For every 1 ~ n enumerate all pairs 

'N£ ... ich and W(L. 9 G.J.) ~ h(n). 
l. l 

For each such 

22~ .. uuerate all the proofs P .. 
]. J satisfying 

(5) W(L. 9 C0.) +m(P .. )~ h(n) 
l. l. l.J 

(L. 9 W.) 
l. J.. 

for 

Let i=i(n) bathe smallest integer satisfying the above conditio~s 

~~d the further condition that one of the proofs Pi(n),j of Li(n) 

~s a proof of one of the formulas 



(6) o .n - o , ... 

If just one of th0se formulas has a proof P. l' , .. 1 V· \ 1' 
- J.J. J i C, 

define f(n) so 

that the provable formula is If b-0-ch f o:rm.clas have 

proofs among the P.( ) . ~ define f(n) = ~. In either case define 
1 n 9 J 

In = In-1 U { i. (:l) } • 

If for evary i satisfying ~h~ abov6 coLditions there does not 

exist a proof' P. 
J.j 

satisfying ( 5) which is a proof of o~e of the 

forr:rnlas (6) 9 define f(n) =: 

The function f is clearly ·well defined for all n 9 ass~es 

only the values Oj1 1 and is primitive recursive :.:i. ho 

As sw11e now that 

nany integers p 

(7) W(L..,, c.J4 ) + ... .,_, 

(L. 1 CJ. ) computes f ar;.d tha -c; for infinitely 
J. l 

holds. I~ is impossible that ~EI for some n 9 for this implies n 

exists an integers such that for s < q 

the intBgers j L. i 

satisfying (7) and 

and in virtue of 

satisfying j e UI_. 
.....-. ..:.A 

The integer 

there exists in Li 

the set T contains all -q_ 

Chose an integer p 

i satisf~es i ¢In~ 
~- i 

a :proo:f of a formula 

of the form where e is O or 1 (namely e = f(n)). 
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No integer j ~ i hes these t~o proparties, for otherwise we would have 

for the smallest integer j <( i 
0 

~ith these p~operties, j
0 

I 
and hence j E I , contrary to s ~ p=1 

0 p a~d the definition of s. 

Thus we get i E Ip, a contradiciton. 

To finish the proof of Theorem 3 9 apply the preliminary r-::sult to 

tc.s fu.riction h (n) + n. There exists a fu.r.:.ction f assuming only the 

values 0,1 and primitive recursive in h(n)+n (hence primitive recursive 

in h) such that for every (L,w) computing f there exists an tntager z 

this completes the proof. 

Theorem. 4 ~ Let g be a computabls function. There exists a 

computable function f assuming only the values 0,1 which is more 

difficult to compute than g. 

?~oof. Let M be a system computing g. The function GM(n) is 

co;-.:putable. Apply Theorem 3 to h(n) = G~
11

(n). 

The requirement that f be a function assuming only the 

~~lues 0 9 1 is an important part of the claims of Theorems 3 and 4o 

:: a. fu.nc-:.::_on :f (n) grows very rapidly with n then for certain measu.r~G 



:fur.l.c t; i Ol1 

computing 

'. -~· ·~· . .:c ~,l:. 8 1:~ C<.l, :;::. 1./ ____ ..... _· 

F..-(n) 
.Li 

a function f 

tha~ g 9 .not merely nuch larger. The fact that we prove ThaorEss 

3. ORDERING ACCORDING 10 RELATIV~ 

DIFFICULTY OF SOLVABLE DECISION PRO:BLEI\1S 

A recursive sat R will be said to poss~s a more 

diffici~~ decision problem than a recursive set S 

For every recursive sa~ 

Let 

is ' • ,... • ~-1 
-'• •,~-:), :: ~ 

~t2 desired properties. 



A stronger result can be obts:.ined for the case that S is a 

prinitivG recursive set. 

'.I·nso:~c:P .. 6. For every primitive r2cu.rsive set S there exists a primitive 

rec~:sive set R sstisfying S-< R. 

Proof. The characteris•cic functio::."l f ~ of S is pr~mi ti ve recursive. 
"" 

According to Remark 2 therG exist a system L compu~ing fs such 

-chat the· leli,_:::/qh of the computatim1 function of is primitive 

recursive. Ey Th0oren 3 there exists a function :f assuming only the 

values 0,1 and primitive recursive in F19 satisfying F1 -< fo The 

set R = {n I f(n)} is clearly primitive rocursive and satisfies S-<. R. 

Exanple 3. Taking S to be the set P of all primes 9 there exists a 

primitive recursive set R such that its decisicn p~oblem is more 

difficult than that of P. 



4. }0}.' LPPLICATION I:O u:n:::Ec:::::o_:_:sILI~Y 03- POS'I: SYSTEMS 

Theorem 3 ~ay be generalized in ~he iollcwi~g way. 

;:.;omputa ble f1.mction f assw-::.ing o::::.l.y tr ... e v2.l 'Ll.es O 1 : such tl.i.a t 

for every system L computing it and for every fixed integer Ill 
0 

( 8) 

P::::.·oof. Define 

h(n)= 

':i:he fur.:.ction h is recursive. For 8V8-:I.'Y r1 ... .t. .. ,.\ u· we have that 

In [ 4, p. 49] Mostowski Robinson and Ta~ski generalize 

Godel O s argument to prove that evex-y for·mal thao:ry in whicb. a~l 

recursive functions are representabl0 is ess6ntially undecidable. 

It turns out that an even stronger result holds fo~ arbitrary Post 

systems. Thus the above mentioned theorem does no~ really dar,end on 

-c:1,.s a val.la b:..li ty of· logical :rr.achin . .s::-y in the :f oranal thev:"'ies with 

r--aspect to which it is formulated. 

~:heorem 8 o Let L be a Post system stwh that I'or every recu.rsi ve 

sc:t S there exists a word W S on the alphacet of' L su.ch th5..t 

(L 1 W S) computes the characteristic fu..'l'lction of S. '.I:'he system F 

is undecidable~ 



Proofo Assume to the con~rary t~a~ 

p(u ) from the set of all wor~s on the alphsb5~ of 

defined by p ( (j )=k if 1--u and 
li 

(9) 

.and \_v,.. ;-

for all p:roo:f P o;:.' G 

' .J..; i::::i."to in-cegers 

Let g be a fixed Gode: rn.:.mtering of all words on "the a.·J .. p:C.2.·rst oi 

L assu.."Iling all integers as values. J)efil:.c s. fu..-:1c:ticr.!. p(.r-... 9 :m) by 

Let f be the computable function whose extsten.:;2 is gu.a.·!~a.nte.ed by 

Theorem 7. Let S= {n I f(n)=1} be "the recu::'.:'sive set having f ·as 

characteristic functiono Denote g(w 8 )=m
0

• 

clearly computes the function f. By the dei~ini tio.c of the length of 

computation function F1 and by ( 9) and {! 0) we have 

for all n 9 contrary to (8). 

Our proof actually shows that 1~0,:::0 eve~'Y decidable. system 

L there exists a recursive set S w::, th a d.t:cisior;. :pro tleL1 wh.:.ch :i a 

more difficult than all decision problems o.f all rec-c~rs:i YE: se;:,:.:.; 

representable in L. 
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